We prove global existence of Yamabe flows on non-compact manifolds M of dimension m ≥ 3 under the assumption that the initial metric g 0 = u 0 g M is conformally equivalent to a complete background metric g M of bounded, non-positive scalar curvature and positive Yamabe invariant with conformal factor u 0 bounded from above and below. We do not require initial curvature bounds. In particular, the scalar curvature of (M, g 0 ) can be unbounded from above and below without growth condition.
• If (M, g 0 ) is locally conformally flat with Ricci curvature bounded from below and uniformly bounded scalar curvature, then there exists a short-time solution to the Yamabe flow on M with g 0 as initial metric [10] .
• If (M, g 0 ) has non-negative scalar curvature R g 0 (possibly unbounded from above) and if the equation −∆ g 0 w = R g 0 has a non-negative solution w in M, then there exists a global Yamabe flow on M with g 0 as initial metric [9] .
In dimension m = 2, where the Yamabe flow coincides with the Ricci flow, Giesen and Topping [13, 5, 14] introduced the notion of instantaneous completeness and obtained existence and uniqueness of instantaneously complete Ricci flows on arbitrary surfaces. In particular, they do not require any assumptions on the curvature of the initial surface.
It is natural to ask whether Giesen and Topping's results generalise to non-compact manifolds of higher dimension.
In [11] , the author obtained existence of instantaneously complete Yamabe flows on hyperbolic space of arbitrary dimension m ≥ 3 provided the initial metric is conformally hyperbolic with conformal factor and scalar curvature bounded from above. The goal of this paper is to construct complete Yamabe flows on non-compact manifolds M of dimension m ≥ 3 starting from some complete initial metric g 0 but without any curvature assumption on (M, g 0 ). In particular, the initial scalar curvature R g 0 : M → R is allowed to be unbounded from above and below. Instead we assume g 0 to be conformally equivalent to some "well-behaved" background metric g M on M and only require pointwise bounds on the conformal factor u 0 characterising g 0 = u 0 g M . More precisely, we prove the following statement. 
Then, there exists a family (g(t)) t∈[0,∞[ of metrics satisfying the Yamabe flow equation
In addition, the Yamabe flow constructed satisfies
for any t > 0 and its scalar curvature R g(t) is bounded from below by
for any t > 0. As t ց 0, the flow g(t) converges locally smoothly to g 0 . 
Local existence
Let g 0 = u 0 g M be any conformal metric on (M, g M ). Since the Yamabe flow preserves the conformal class of the initial metric, any Yamabe flow (
where m = dim M ≥ 3 and U = u η . Then, the metric g = ug M has scalar curvature
Hence, the conformal factor u is subject to the evolution equation
which can be expressed in the form 
as initial data for the Yamabe flow equation on B r . In particular,ů 0 > 0 coincides with u 0 in B r−1 and takes the constant value c 1 in some neighbourhood of ∂B r as shown in Figure 1 . As parabolic boundary data, we choose Then, sinceů 0 and φ satisfy the first-order compatibility conditions, there exists some T > 0 (which a priori depends on r) and a solution 0 < u ∈ C 2,α;1,
A proof of this short-time existence result is included in [11] . 
Proof. Equation (4) implies that the function w(·, t)
Since u > 0, equation (5) As shown in [11] , the uniform bounds obtained in Lemma 1.1 imply that solutions to problem (4) can be extended globally in time by applying parabolic DeGiorgi-NashMoser theory [8, Theorem III.10.1]. In particular, we can fix any final time T > 0 uniformly in r.
Scalar curvature estimates
The goal of this section is to estimate the scalar curvature corresponding to the solu- (4) independently of the radius r.
Proof. In B r × [0, T ] we can express the scalar curvature in the form
. In particular, the choice of boundary data (3) implies
Scalar curvature evolves by (see [3, Lemma 2.2])
∂ ∂t
Combined with
, we obtain
follows from the parabolic maximum principle.
Integral estimates for the positive part of the scalar curvature can be obtained with the help of Sobolev-type inequalities. This technique requires the Yamabe invariant of (M, g M ) to be positive.
Lemma 2.2 (Yamabe invariant). Let (M, g) be a Riemannian manifold with scalar
curvature R g . Then the Yamabe invariant Y of (M, g) is defined by Y(M, g) := inf            M |∇ g f | 2 g dµ g + m − 2 4(m − 1) M R g f 2 dµ g M |f | 2m m−2 dµ g m−2 m ; f ∈ C ∞ c (M)            .
The Yamabe invariants of hyperbolic space (H
Proof. The Yamabe invariant is a conformal invariant. Hyperbolic space is conformally equivalent to the Euclidean ball B r of any given radius r > 0. Via stereographic projection, the sphere minus a point is conformally equivalent to (R m , g R m ). The 
and denoting Y := Y(M, g M ), we obtain
As in Lemma 1.1 we will assume henceforth that the background manifold (M, g M ) has scalar curvature R g M satisfying
Lemma 1.1 is the main reason for assumption (10) but it also allows us to drop the second term in (9) because of its sign to obtain the Sobolev inequality
be a solution to problem (4) and let R g(t) be the scalar curvature of the Riemannian metric g(t) = u(·, t)g H in B r . Let the radius 0 < r 0 < r − 4 be fixed and let p > 1 be any exponent. Then, for every t ∈ [0, T ], the positive part R + (x, t) = max{0, R g(t) (x)} satisfies
where the constant C increases with p and r 0 but does not depend on r.
Proof. For any exponent p > 1 and any ψ ∈ C ∞ c (B r ), we have
The strategy of the proof is as follows.
Step 1.
then the negative sign of (12) leads to a bound uniformly in r.
Step 2. We use the estimate obtained in the first step to deal with the case p = m 2
.
Step 3. The bound from the second step can be extended to p = β m 2 for some β > 1.
Step 4. Using the estimate for p = β m 2
we obtain a bound with any exponent p > m 2
.
In each step we choose a different cut-off function ψ and apply different estimates to control the terms in (12) and (13). Young's inequality appears frequently in either of the following forms.
∀b, c ≥ 0 ∀x ∈ R :
, we set
This cut-off function has the property that
Choosing ψ = ψ 1 and recalling
the terms in (13) can be estimated as follows using Young's inequality and Hölder's inequality:
Br
where the parameter λ > 0 is arbitrary. If we choose 1 < p < m 2
and λ =
Moreover, since u(·, t) ≥ c 1 +κ 1 t by Lemma 1.1, the right hand side of (17) is integrable
. In particular, for p = [ we obtain
Step 2. For any regular, non-negative functions ψ, F and any exponent p, there holds
Therefore,
where ψ is a new cut-off function to be chosen.
, we use (19) to estimate the terms in (13) by
where we used (1 −
and applied Young's inequality in the form (15) .
Let
With this choice of ψ 2 and any λ > 0, Hölder's inequality and Young's inequality in the form (14) yield
Restricting to the case p = . Then we choose λ > 0 such that
where we again depend on the uniform upper and lower bound on u from Lemma 1.1. With these choices and the Sobolev estimate (11), we obtain
In particular, using (18) from step 1, we conclude
where the constant does not depend on r.
Step 3. Let ψ 3 ∈ C ∞ c (B r 0 +2 ) be a cut-off function such that ψ 3 | B r 0 +1 ≡ 1. This step is based on the estimate We apply Lemma 2.2 to estimate (20) and obtain
As in shown in (21) we have
for any λ > 0. This time we choose 0 < α < 1 depending on m and p such that
Then, we choose λ = 
(m − 1) Y and combine (23), (24) and (25) to
With the estimates from steps 2 and 3, the claim follows. . In fact, we may apply the Calderon-Zygmund Inequality [6, Theorem 9.11] to the elliptic equation
Moreover, since
we obtain that the sequence {U k } 4≤k∈N is bounded in and we obtain a subsequence Λ 1 ⊂ N such that
converges in C 0,α (B 1 × [0, T ]) to some V 1 . In particular, {U k (·, t)} 4≤k∈Λ 1 converges to V 1 (·, t) in C 0,α (B 1 ) for every fixed t ∈ [0, T ]. As observed above, {U k (·, t)} 4≤k∈Λ 1 is bounded in W 2,p (B 1 ) which compactly embeds into C 1,α (B 1 ). Hence, a subsequence converges in C 1,α (B 1 ) and its limit must be V 1 (·, t). Thus, V 1 ∈ C 1,α;0,α (B 1 × [0, T ]). Passing to the limit in the weak formulation of equation (1), we conclude that V 1 is a weak solution to equation (1) in B 1 × [0, T ]. By parabolic regularity theory, V 1 is actually regular and a classical solution.
We repeat this argument to obtain a subsequence Λ 2 ⊂ Λ 1 such that
converges in C 0,α (B 2 ×[0, T ]) to some solution V 2 of equation (1) in B 2 ×[0, T ]. Iterating this procedure leads to a diagonal subsequence of {U k } 4≤k which converges to a limit U satisfying the Yamabe flow equation (1) in M × [0, T ]. Moreover, the uniform bounds from Lemmata 1.1 and 2.1 are preserved in the limit and by construction, the initial condition is satisfied.
